In the present paper, we have introduced the generalized Newtonian law and fractional Langevin equation.
Introduction
Fractional calculus deals with the generalization of differentiation and integration from integer to non-integer orders. Fractional calculus has found many application in several areas of science and engineering [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . The fractional operators are non-local, therefore they are suitable for constructing models possessing memory effect. Using models involving local scaling properties the fractional derivatives were renormalized to construct local fractional differential operators [11, 12] . The physical interpretation of the initial conditions for fractional differential equations with Riemann-Liouville fractional derivatives was discusses in [13] . The first evidence for L´ flights and superdiffusion in fluid flows was reported in [14] . In [15] the L´ flights and superdiffusion in a 3-D, time-independent flow were discussed. The physical meaning of the fractional integral was explained in [16] , which also considers many examples which justify the physical and geometrical meaning of this operation. In [17] both the physical and geometrical meaning of the fractional integral and derivative (which contains both real and complex-conjugated power-law exponents) were considered. In [18] the fractional kinetics equations were derived. These equations describe the kinetic processes which take place in the mesoscale region. The first experimental observation of these kinetic processes in dielectric spectroscopy was also described.
The first experimental confirmation of the fractional kinetics which contain complex power-law exponents, and dielectric measurements of polymerisation reactions, was represented [19] . Since Riewe [20, 21] initiated the formulation of Lagrangian and Hamiltonian mechanics to include derivatives of fractional order. It has been shown that Lagrangians involving fractional time derivatives lead to equations of motion with non-conservative classical forces. Recently, several researchers have explored this area and given new insight into this problem [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . A fractional calculus with variations which deal with problems containing both the left-and right derivatives has been developed [40] . The fractional Lagrangian involving Riemann-Liouville (R-L) derivatives is non-local. As is known, the R-L derivative of a constant is non-zero, therefore results in many applications involve fractional initial conditions which are non-physical. As a result, the Caputo derivative has been widely used in recent works [41, 42] . It was observed that both R-L and Caputo fractional derivatives arise in the formulation, even when the fractional variational problem is initially defined only in terms of one type of derivative. Thus, fractional boundary conditions may be necessary even when the problem is defined in terms of Caputo derivative. A fractional Hamiltonian formulation has been developed in terms of Caputo derivatives in [43] [44] [45] [46] . The main aim of this study is to introduce the fractional Langevin equation involving both Caputo and R-L derivatives, by making use of the generalized Newtonian law. The potential corresponding to different kinds of force involving fractional right and left derivatives is analyzed. The plan of this paper is as follows: In Sec. 2 some basic formulae of fractional calculus are briefly reviewed. In Sec. 3 fractional Newtonian mechanics is introduced. In Sec. 4 we derive the Fractional Langevin equation involving Caputo and R-L derivatives. Sec. 5 is dedicated to finding the potential for nonconservative forces. In Sec. 6 some examples are investigated in detail. The last section is dedicated to our conclusions.
Fractional calculus
Fractional calculus deals with generalizations of integerorder derivatives and integrals to arbitrary order. In this section we briefly present some basic definitions and properties which will be used in the subsequent sections [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] .
are called the left-sided and right-sided RiemannLiouville fractional integral of order α, respectively.
are called the left-sided and right-sided RiemannLiouville fractional derivative of order α respectively whenever the RHS exists. Let ( ) ∈ C [ ] and − 1 ≤ α < , then the left-sided and right-sided Caputo fractional derivatives of order α (whenever the RHS exists) are respectively:
In the following we briefly present some properties of fractional derivatives and integrals [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] :
Formula (3) is valid under the assumption that
.
Fractional mechanics
In the following we introduce the fractional Newtonian equation. We assume that ( ) is the position function of a particle. We can then define the fractional velocity as given below ]. If we define the momentum as follows
then we can write Newton's second law as κ
where
are constant. The transversality conditions become 
Fractional Langevin equation involving fractional derivative
The theory of Brownian motion is the simplest way to treat the dynamics of non-equilibrium system. The fundamental equation is called the Langevin equation, it contains both frictional forces and random forces. The fluctuationdissipation theorem relates these forces to each other. While the motion of a dust particle performing Brownian motion appears to be quite random, it must nevertheless be describable by the same equation of motion as is any other dynamical system. The equations of motion for the Brownian particle are Langevinian equations. We will introduce the generalized fractional Langevinian equations in two cases as follows. Case 1. Generalized fractional Langevinian equation of a Brownian particle of mass , with the surrounding medium represented by a generalized fractional force − ( ) and random density fluctuations in the fluid is
where [ ] = MT α−2 ζ are constants and ξ( ) is random force.
Case 2. Consider a Brownian particle of mass which is constrained to move in a one-dimensional fluid, and within a harmonic potential. The generalized fractional Langevinian equation is
where ω 2 0 = / ζ are constants and ξ( ) is random force.
Fractional potential for forces involving fractional derivative
The generalized forces are obtained from a function
We will consider a generalized fractional form for the right side of Eq. (16) 
where λ is a real constant having dimensions [λ] = L ν−1 . Solving Eq. (17) by applying I ν on both sides we find
By virtue of Eq. (9) we obtain
Note: We can obtain the standard result if we choose ν = 1. Case 2: Suppose the generalized fractional force is
Solving Eq. (20) by applying I α on both sides we have
Using Eq. (6) we get
It follows easily that
By integrating both side we get the following
Case 3: For the general case we consider the following force
(25) Again, we solve Eq. (25) by applying I β on both sides and we arrive at the following result
By making use of Eq. (9) we get
It is easy to observe that
By integrating both sides of Eq. (28) we obtain
Remark 5.1.
We observed that by choosing β = 1 we can get the standard result. 
Examples
in view of Eq. (6)
By making use of Eq. (31) we arrive at the following result
Once more by applying I α to both sides of Eq. (34) we have
Remark 6.1.
The classical solution is obtained if α = 1.
Example 2.
Let us consider the equation of a Brownian particle of mass with the surrounding medium reperesented by a generalized fractional force − ( ), and random density fluctuations in the fluid as given below
To simplify, we can ignore the fractional right derivatives. Applying I α to both side of Eq. (36) we get
We have supposed that ( D α−1 )( ) = 0. Again applying I α to both sides of Eq. (38) we obtain
It is easy to prove that
Example 3. Consider the generalized fractional force as
where τ is constant. Potentials corresponding to this force with conditions ( D α−1 U)( ) = 0 will be obtained by substituting Eq. (41) into Eq. (24) as
Since 
We derive the potential corresponding to this force with condition U( ) = 0 . By substituting Eq. (45) 
Conclusion
In this work we have generalized Newtonian mechanics and the Fractional Langevin equation as non-local models. One possible application of the above derived equation can be found in investigation of polymer layers. Furthermore we have derived potentials for non-conservative forces which can be used in Lagrangian mechanics for dissipative systems.
